Continuous-variable teleportation of a negative Wigner function 
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Teleportation is a basic primitive for quantum communication and quantum computing. We 
address the problem of continuous-variable (unconditional and conditional) teleportation of a pure 
single-photon state and a mixed attenuated single-photon state generally in a nonunity gain regime. 
Our figure of merit is the maximum of negativity of the Wigner function that witnesses highly 
non-classical feature of the teleported state. We find that negativity of the Wigner function of 
the single-photon state can be unconditionally teleported for arbitrarily weak squeezed state used 
to create the entangled state shared in the teleportation. In contrast, for the attenuated single- 
photon state there is a strict threshold squeezing one has to surpass in order to successfully teleport 
the negativity of its Wigner function. The conditional teleportation allows to approach perfect 
transmission of the single photon for an arbitrarily low squeezing at a cost of a success rate. On 
the other hand, for the attenuated single photon conditional teleportation cannot overcome the 
squeezing threshold of the unconditional teleportation and it approaches negativity of the input 
state only if the squeezing simultaneously increases. However, as soon as the threshold squeezing is 
surpassed the conditional teleportation still pronouncedly outperforms the unconditional one. The 
main consequences for quantum communication and quantum computing with continuous variables 
are discussed. 



I. INTRODUCTION 

Quantum teleportation is a fundamental primitive in 
quantum information 1-3]. Principally, it allows to re- 
motely decompose quantum state to a noise and neces- 
sary classical information required to uncover that state 
from the noise. In the quantum key distribution, the tele- 
portation between distant parties combined with quan- 
tum repeaters can transmit fragile quantum resources 
over a large distance In quantum computation, 

the teleportation allows for fault-tolerant deterministic 
implementation of a difficult quantum gate on an un- 
known quantum state 0, Q • 

For quantum states in an infinite-dimensional Hilbert 
space, quantum squeezing is an irreducible resource for 
the universal quantum teleportation 0, Q. Quantum 
squeezed states are states with variance of a quadrature 
below the vacuum noise. Although the squeezed states 
are non-classical, as they have no regular and positive 
Glauber-Sudarshan quasi-probability distribution, their 
non-classicality still can be simulated by the semiclas- 
sical methods. It results from the fact that squeezing 
is simply observable in a Gaussian approximation, since 
the squeezed states are there represented by the positive 
and regular Wigner functions which then play the role 
of probability distributions. Such the Wigner function 
of a squeezed state can be simply obtained by deform- 
ing the stochastic phase-space evolution of an irreducible 
vacuum state pj|-llll|. It does not prevent, for example, 
quantum key distribution for a limited distance, but it 
does not allow universal quantum computing [12| . On 
the other hand, non-classicality substantially reflecting 
a discrete particle structure of quantum states cannot 
be efficiently simulated by these stochastic methods [ll| . 



The corresponding Wigner function of the particle-like 
state can exhibit negative values, breaking its interpre- 
tation as any kind of classical probability density. The 
negative values are considered as a clear experimental 
witness of quantum features beyond the semiclassical de- 
scription p^ . 

Both the long-distance quantum key distribution and 
quantum computing cannot be performed solely based 
on the squeezing resource. The highly non-classical re- 
peaters in the sequential teleportation protocol [4|-|y| or 
many highly non-classical cubic phase gates [IJ in a 
complex quantum computer change propagating states 
to non-Gaussian states with a negative Wigner func- 
tion. In both the cases, the teleportation of the negative 
Wigner function with just the squeezing as a resource 
is a basic element of the communication and computa- 
tion tasks. In the efficient quantum key distribution with 
quantum repeaters, the Gaussian teleportation should, at 
least probabilistically, allow to propagate the negativity of 
the Wigner function produced by the repeater operation 
through the network towards the next quantum repeater. 
In quantum computation, it should even deterministically 
implement basic highly nonlinear cubic phase gate [14] , if 
such the off-line gate is, at least probabilistically, feasible. 

The quality of teleportation is mainly limited by the fi- 
nite squeezing resource. How much squeezing resource is 
actually required to at least partially keep the negativity 
of the Wigner function through the teleportation step? 
The answer to this question tells how much of the squeez- 
ing is necessary to decompose higher non-classical states. 
Since the teleportation is the basic primitive for the quan- 
tum communication and computation, it specifies also 
an amount of the squeezing needed to deterministically 
(or probabilistically) operate highly non-classical states. 
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In this paper, we give a clear and illustrative answer to 
this basic question. As a first testing state, the single- 
photon Fock state having maximal possible negativity of 
the Wigner function is considered at the input of tele- 
portation. The negativity is then lowered by a loss im- 
plemented on the single-photon state. Our attempt is to 
directly show the effect of the Gaussian teleportation on 
the different values of negativity of the Wigner function, 
thus judging its possible application in the long-distance 
quantum communication and quantum cryptography. 

Previously, the mechanism of teleportation of a single- 
photon state (or superposition of the coherent states) was 
analyzed in Refs. [a llSl - flTf . but always using the fidelity 
fisl Il9| , entanglement fidelity [1^ or photon- number dis- 
tribution [2l[ , as a figure of merit. For the unity gain tele- 
portation, the fidelity benchmark 2/3 was found to be a 
necessary condition to achieve teleportation of a nega- 
tive Wigner function . It corresponds to squeezing -3 
dB required in the entanglement preparation. However, 
fidelity does not directly tell if the teleported state has 
still some negativity of Wigner function and how large it 
is. 

In this paper we investigate the capability of the stan- 
dard teleportation protocol Q to successfully teleport 
negativity of the Wigner function in the origin of the 
single-photon Fock state and the convex mixture of the 
state with the vacuum state. Our goal is to find tele- 
portation protocols minimizing the value of the output 
Wigner in the origin. We find that for the single-photon 
Fock state an arbitrarily small nonzero squeezing suf- 
fices to successfully teleport negative value of the Wigner 
function in the origin if the gain of teleportation is cho- 
sen suitably. In contrast, in order to teleport negative 
value of the Wigner function in the origin of the attenu- 
ated single-photon Fock state one has to surpass a strict 
threshold level of squeezing. For both the cases of input 
states one can attain substantially larger negative value 
of the output Wigner function in the origin by using con- 
ditional teleportation with reasonably high success prob- 
ability. The post-selection cannot improve the squeezing 
threshold, however, if it is surpassed, a higher negativ- 
ity of the Wigner function can be achieved. A sufficient 
tolerance of the conditional teleportation to impurity of 
the squeezed states used to produce the shared entan- 
gled state demonstrates the feasibility of the conditional 
teleportation. 

The paper is organized as follows. Sec. [Tl] deals with 
unity gain, optimal nonunity gain and conditional tele- 
portation of a single-photon and squeezed single-photon 
Fock state. In Sec. IIIII we study unity gain, optimal 
nonunity gain and conditional teleportation of a convex 
mixture of a single-photon Fock state and the vacuum 
state. Sec. IIVI contains conclusion. 



II. TELEPORTATION OF A SINGLE-PHOTON 
FOCK STATE 

At the outset we focus on understanding of the basic 
effects of CV teleportation on the negativity of Wigner 
function. For this purpose we start with the simple case 
of teleportation of a single-photon Fock state The 
state is described by the following Wigner function (23| : 

Win(nn) = ^ (2ri^nn " l) exp {-rfn^in) , (1) 

where r^n — {xin,Pin)'^ is the radius vector in phase 
space. In the origin the function attains minimum possi- 
ble negative value allowed by quantum mechanics equal 
to VFin(O) = — I/tt = —0.3181, where here stands for a 
zero 2x1 vector. 

We consider a standard CV teleportation protocol 
d [13] in the nonunity gain regime [25|. An input mode 
characterized by the quadrature operators XimPin sat- 
isfying the canonical commutation rules [xin,Pin] — i 
prepared in Fock state |1) is teleported by Alice {A) 
to Bob {B). Initially, Alice and Bob hold modes 
A and _B, respectively, described by the quadratures 
Xi,pi, i = A,B, in & pure two-mode squeezed vacuum 
state with squeezed Einstein-Podolsky-Rosen variances 
{[l^{xA- XB)f) = ([A (pa +Pb)]^) = e"2r^ where r is 
the squeezing parameter. The state can be prepared by 
mixing of two pure squeezed states with squeezed vari- 
ances T4q = {{^PA?) = ((Axb)^) = e-272 on a bal- 
anced beam splitter. Next, Alice superimposes the input 
mode with mode A of the shared entangled state on an 
unbalanced beam splitter with reflectivity \fR and trans- 
missivity a/T {R + T = 1) and measures the quadra- 
tures Xu — Vllxin — VTxa and pv = VTpin -I- VRpa 
at the outputs of the beam splitter. She then sends 
the measurement outcomes XmPv via classical channel 
to Bob who displaces his mode B as xb xb + QxXu, 
Pb PB+gpPv, where gx^dp are electronic gains, thereby 
partially recreating the input state on mode B. 

From the mathematical point of view the nonunity gain 
teleportation belongs to the class of single-mode trace- 
preserving Gaussian completely positive maps j26| . On 
the level of Wigner functions such a map transforms the 
Wigner function of the input state VFin(nn) according to 
the integral formula f27\ : 

/+00 
W^x(nn,?-out)W^in(Arin)drin, (2) 
-oo 

where rout = (a;out,Pout)^, A = diag(l,-l) and is 
the following two-mode Gaussian kernel: 

W^{n^,r,^t) = -^^=exp (-Ar^Q-iAr) , (3) 

where Ar — rout — •S'Arjn, Q is a real symmetric positive 
semidefinite 2x2 matrix, S' is a real 2x2 matrix and 
the matrices satisfy the inequality Q + iJ ~ iSJS^ > 0, 
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where J — 



1 
-1 
have, in particular, 

S = 



. For nonunity gain teleportation we 





gpVT 
and Q = diag(Qa;, Qp), where 

= cosh(2r) +g^rcosh(2r) - 2gj;\/rsinh(2r), 



(4) 



Qp = cosh(2r) +g;i?cosh(2r) - 2gpVi?sinh(2r) 



(5) 



Substituting from Eqs. ^ and dU into Eq. ([3|) and calcu- 
lating the integral in Eq. ^ for the input Wigner func- 
tion given by Eq. ([T]) we find the output Wigner function 
in the origin in the form: 



Wout(O) 



detQ - (detS")^ 
TT [det {SS^ + Q)] 



(6) 



From practical point of view it is important to know 
what is the largest negative value of the Wigner function 
that can be obtained at the output of the teleportation 
for a given level of shared entanglement. This requires 
minimization of the function ([6]) for a fixed r over three 
variables gx , Qp and T which can be barely done analyt- 
ically. Numerical minimization, however, indicates that 
as one would expect optimal performance of the telepor- 
tation is achieved if the beam splitter is balanced, i.e., 
\/R — VT = l/"\/2, and if the teleportation adds noise 
symmetrically into position and momentum quadrature, 
i.e. gx = dp = g- Under these assumptions and introduc- 
ing the normalized gain G — g/V^ we can express the 
Wigner function in the origin as 



M^out(O) 



ajG) - 



(7) 



where a{G) = cosh(2r)(l + G^) - 2Gsinh(2r). Solving 
the extremal equation dWout{0) / dG — with respect to 
G one finds that optimal gain can be found as a root of 
the following third-order polynomial 



G^ + aG^ + bG + c = 0, 

where 

a = -3coth(r), = 2 + coth^ (2r) -f 3 
c — — coth(2r). 



(8) 



cosh(2r) 



(9) 



The polynomial has three real roots of the form Gi^2,3 
2/1,2,3 + coth(r), where 



yi = 2,/--cos - 



2/2,3 



= -2 



p 

-cos 



I ± TT 



(10) 




FIG. 1: Output Wigner function in the origin versus the 
squeezed variance Vsq for optimal nonunity gain teleportation 
(solid curve), unity gain teleportation (dashed curve) and op- 
timal conditional teleportation with K = 0.3 (dash-dotted 
curve) of a single-photon Fock state. See text for details. 



where coscf) = ~{q/2)^y~^27jj^ and 



P 



2 



ab 

y 



U.U 2a3 , , 

^ + ^. (11) 



Substituting the roots Gi_2,3 back into the right hand 
side of Eq. (O and plotting the obtained function in de- 
pendence of the squeezed variance Vgq one finds the op- 
timal gain Gopt minimizing the output Wigner function 
in the origin to be Gopt — G2. The output Wigner func- 
tion in the origin in dependence of the squeezed variance 
Vsq for optimal nonunity gain teleportation is depicted 
by solid curve in Fig. [T] The figure reveals that the 
Wigner function in the origin is monotonously decreas- 
ing function of the squeezing approaching the minimum 
value of Wi„(0) = -I/tt ^ -0.3181 in the limit of in- 
finitely large squeezing. The figure further shows that 
optimal nonunity gain teleportation transfers successfully 
the negative values of the Wigner function for arbitrarily 
small nonzero squeezing r > 0. The latter finding should 
be contrasted with the unity gain regime that is recov- 
ered lor ^/R = ^/T = 1/^2 and gx = gp = v^. Then, 
equations (g]) and ^ give S = t,Q = 2e"^''l that leads 
using Eq. © to the output Wigner function in the origin 
in the form 



VFout(O) 



2e- 



1 



7r(2e- 



-2r , 



1) 



(12) 



Hence it immediately follows that in the unity gain 
regime the output Wigner function in the origin is neg- 
ative only if e^^*" < 1/2, i.e., if the squeezing is larger 
than -3 dB (see also dashed curve in Fig. [T]) which cor- 
responds to the fidelity benchmark F ^ 2/3 22]. Thus 
while nonunity gain teleportation allows teleportation of 
a negative Wigner function of the Fock state |1) for an 
arbitrarily small squeezing unity gain teleportation re- 
quires more than -3 dB squeezing to accomplish this 
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task. For comparison we mention explicitly the value 
of the output Wigner function in the origin for nonunity 
and unity gain regimes for several values of squeezing. 
For -3 dB squeezing the optimal nonunity gain telepor- 
tation gives Wout(O) = —0.0091 while the unity gain 
teleportation yields Wout(O) = 0.0002, for -5 dB we get 
Wout(O) = -0.0442 and lyout(O) = -0.0439, for -7 dB we 
get Wout(O) = -0.0993 and l^outlO) = -0.0977, and for - 
lOdBwegetmut(O) = -0.1826 and M^out(O) = -0.1768. 

Summarizing the obtained results we see that for the 
single-photon Fock state at the input of the teleporta- 
tion we can get a state with a negative Wigner function 
in the origin at the output of the teleportation for arbi- 
trarily small squeezed variance Vsq provided that the gain 
of the teleportation is adjusted suitably. Achievement of 
a reasonably high negativity not less than an order of 
the magnitude smaller than the negativity at the input, 
however, requires squeezed variances larger than -5 dB. 
Substantially larger negative values for lower squeezed 
variances are obtained by using the conditional telepor- 
tation where we accept the output state only when the 
outcome of Alice's measurement /3 = {xu + ipv)/V^ falls 
inside a circle centered in the origin with radius K, i.e., 
falls into the set fl = {/3, <K,K> 0}. If a mea- 
surement outcome /3 was detected then the unnormalized 
output state is [18] 



X [(1-A2)/3*|0) + A|1)], 



m 



(13) 



where A = tanhr and D{a) = exp(aa^ — a* a) is the 
displacement operator. The probability of finding the 
outcome in the set VL then reads 



1 



= 1-1 



(14) 



and the normalized density matrix of the output state is 



1 



Pn 



n Jn 



|7^(/3))(V(/3)|d2/3. 



(15) 



The Wigner function in the origin of the state is then 
easy to calculate as the expectation value Wn{0) = 
Tr[pn(-l)"]/7r Q of the parity operator (-1)". Sub- 
stituting into the latter formula from Eqs. ([T3l) . ([T4l) and 
(|15p and performing the integration over /3 we arrive at 
the following output Wigner function in the origin 



Wn(0) 



(1- A^) r A^ 

(A2 -2GA + 1)2 



1 - e 



-aK' 



1 - (1 + aK^) e""^^ 



(16) 

where a = (1 — A^) + 2(G — A)^. As post-selection inter- 
val K vanishes, the role of optimized displacement be- 
comes negligible and the Wigner function in the origin 
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FIG. 2; Success probability Pq versus the squeezed variance 
Vsq for conditional teleportation of the single-photon Fock 
state (solid curve) and the state p,, with 77 — 0.6304 (dashed 
curve) for K = 0.3. See text for details. 



approaches original value Wq{0) — — I/tt of the single 
photon state, irrespectively to the squeezing used to pro- 
duce the shared entangled state. It corresponds to pre- 
viously obtained result for the fidelity of teleportation 
p^ . [T8| . We performed numerical optimization of the 
gain G and depicted the Wigner function in the origin 
([T6| by the dash-dotted curve in Fig. [T] for K = 0.3. The 
corresponding success probability is depicted by the 
solid curve in Fig. [21 

The figure shows that conditional teleportation sub- 
stantially outperforms the optimal unconditional telepor- 
tation, of course, at the expense of the probabilistic na- 
ture of the protocol. For example, conditional teleporta- 
tion with K — 0.3 gives for -3 dB squeezing Pq ~ 0.0112 
and Wn{0) = -0.2174, for -5 dB we get Pn = 0.0187 
and Wn{0) = -0.284, for -7 dB we get Pq = 0.0223 and 
Wn{0) = -0.3056 and for -10 dB we get Pq = 0.0198 and 
Wq{0) = —0.3152. The obtained values indicate that 
conditional teleportation allows to achieve high negative 
values of the Wigner function in the origin even for mod- 
erate levels of squeezing approximately equal to -3 dB at 
a cost of roughly 1.1% probability of success. 

In order to get a deeper insight into the performance of 
the teleportation that is optimal for teleportation of the 
Wigner function in the origin for the Fock state |1) we 
display by a solid curve in Fig. [3] the optimal gain Gopt 
as a function of the squeezed variance Vsq. We see from 
the figure that for squeezing less than -5.52 dB optimal 
teleportation works as a phase-insensitive amplifier while 
for larger squeezing it is a weak attenuator approach- 
ing the unity gain regime in the limit of infinitely large 
squeezing. It is of interest to compare the optimal gain 
with the gain of teleportation that is optimal in the sense 
that it adds for a given added noise into Alice's measure- 
ment outcomes the least possible noise into the output 
state [2^. In this protocol the optimal gain depends on 
the squeezing of the shared two-mode squeezed vacuum 
state as G^p^ = coth(2r) and it is depicted by the dashed 



5 




we arrive at the following output Wigner function 



FIG. 3: Optimal normalized gain Gopt (solid curve) versus 
the squeezed variance Vsq for teleportation of a single-photon 
Fock state. The dashed curve corresponds to the gain of tele- 
portation minimizing the output added noise [2y| and the 
dash-dotted curve corresponds to the gain of teleportation 
maximizing the average teleportation fidelity [2l[. See text 
for details. 



curve in Fig. [31 It is clearly visible from the figure that 
teleportation adding minimum noise is not optimal for 
teleportation of a Wigner function in the origin of the 
Fock state While the first teleportation is a phase- 
insensitive amplifier for all levels of squeezing the latter 
one acts like a phase-insensitive attenuator for squeezing 
larger than -5.52 dB. We should also stress here that our 
teleportation protocol that is optimal from the point of 
view of the output Wigner function in the origin differs 
from the optimal teleportation of the single-photon Fock 
state maximizing the average teleportation fidelity that 
was investigated in [2l|. In the latter protocol the opti- 
mal normalized gain depicted by the dash-dotted curve 
in Fig. [3] always lies between Xjspl and 1 and therefore 
the teleportation maximizing the average teleportation 
fidelity realizes a phase-insensitive attenuator for all lev- 
els of squeezing. 

Up to now we considered teleportation of the Fock 
state In practice, the states with a negative Wigner 
function are prepared by a single-photon subtraction 
from a squeezed state [30|. The subtraction is imple- 
mented by mixing of a squeezed state squeezed in the po- 



sition quadrature Xin with variance ((Axin) 



-2s 



/2 



on a beam splitter with amplitude transmissivity -^r fol- 
lowed by projection of one of its outputs on the Fock state 
As a result we obtain the squeezed single-photon 
Fock state S{t)\\), where S[t) = exp[(t/2)(a2 - af')\ is 
the squeezing operator and t is the squeezing parameter 
satisfying tanht = rtanhs. The state has the Wigner 
function in the origin of the form: 



1 



W'in (^in) = - (2r-r„7"Vi„ - 1) exp (-r?^7"'n„) , (17) 

where 7 = diag(e~^*, e^*). Substituting the Wigner func- 
tion into the formula ([5]) and carrying out the integration 



2r^ Zr , detQ-(det5)^ 

^ ' out ' out ~r - 



det7 



exp(-rj„t7 ^?'out) 
7r-y/det7 



(18) 



where Z — ^^'^S^S^'^^^ , 7 = S^S'^ and the matrices 
S and Q are given in Eqs. ^ and ([S]). In the origin the 
output Wigner function is equal to 



detQ - {AQiSy 
^[det(575i^ + Q)]^ 



(19) 



Teleportation of the squeezed single-photon Fock state 
can be easily transformed into the optimal teleportation 
of the single-photon Fock state. Obviously, it is suffi- 
cient if the teleportation simply compensates the squeez- 
ing represented by the covariance matrix 7 and simul- 
taneously its overall normalized gain is equal to Gopt. 
Indeed, returning back to the more general protocol with 
transmissivity \/T and gains gx,-p and setting the gains 
as gx = e*Gopt/v^, 5p = e.~*'Go-pt/VT and the trans- 
missivity such that T/R = e^^* one finds that S — 



Goptdiag(e*,e-*), ^7^^ 



G^p^a and Q 



a(Gopt)l, 



where a{G) is given below Eq. Substitution of the 
latter expressions of S'^S'^ and Q into Eq. leads 
finally to the minimal output Wigner function in the ori- 
gin for Fock state |1). In order to illustrate the marked 
difference between the value of the output Wigner func- 
tion in the origin as well as its shape for the optimal 
nonunity gain teleportation of the squeezed single-photon 
state and unity gain teleportation of the state we plot the 
entire output Wigner functions for the two scenarios in 
Figs. 12 and El 



Woui(x,p) 




FIG. 4: Wigner function of the output state for the optimal 
nonunity gain teleportation for e^* = 2, Vsq — —3 dB and 
transmissivity VT =1/ \/3. The Wigner function in the origin 
attains the negative value of W^iut'(O) —9.10"'^. See text 
for details. 
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FIG. 5: Wigner function of the output state for the unity 
gain teleportation for e^* = 2 and Kq = —3 dB. The Wigner 
function is equal to zero in the origin. 



FIG. 6: Threshold squeezed variances V^j^ (solid curve), V^j^ 
(dashed curve) and their difference A = Vj-j^^' — Vj-jf^' (dash- 
dotted curve) versus the probability rj. See text for details. 



III. TELEPORTATION OF AN ATTENUATED 
SINGLE-PHOTON FOCK STATE 

Quantum states with a negative Wigner function pre- 
pared currently in a laboratory have a substantially re- 
duced negativity in comparison with Fock state |1) and 
they are mixed. From an experimental point of view it is 
therefore imperative to know the bounds one has to sur- 
pass in order to successfully teleport mixed states with 
a negative Wigner function. In an experiment the main 
source of mixedness are losses that can be in the case of 
the Fock state |1) most simply modelled by a purely lossy 
channel that transmits the state with probability i] and 
replaces it by the vacuum state with probability 1 — t]. 
At the output of the channel we get the mixed state 



p,-r7|l>(l| + (l-^)|0)(0| 



(20) 



with Wigner function in the origin equal to W^j!^\o) = 
(1 — 2ri)/Tr that is negative if 77 > 1/2. Making use of the 
formula ([2]) where we set S = Gl and Q = a{G)l we 
arrive at the output Wigner function in the origin in the 
form: 



1 I a{G) - G^ 



1-7? 



[a(G)+G2]2 a{G) + G^ 



(21) 



The formula allows us to calculate for a given probabil- 
ity rj the threshold value of the squeezing above which 
the output state has a negative Wigner function in the 
origin. From the condition wl;^l{0) < we therefore 
obtain after some algebra that the Wigner function in 
the origin pip is negative if the squeezing parameter 



V^^"^ — e~2''t'h'/2 on the probability 77. It is apparent from 
the figure that starting from rj — 1 the squeezing costs in- 
crease slowly with decreasing probability rj up to rj ~ 0.6. 
For probabilities less than approximately 0.6 that corre- 
spond to the negative values of the Wigner function al- 
ready demonstrated experimentally the squeezing costs 
increase dramatically as 77 approaches 77 = 0.5. As an il- 
lustrative example consider the state p,, with rj — 0.6304 

corresponding to wI^\q) = —0.083 which was recently 
achieved experimentally j31l |. In order to have for the 
state the output Wigner function in the origin negative 
we need the squeezing parameter r > = 1.0098 cor- 
responding to the squeezed variance Ksq larger than - 
8.77 dB. Further, the threshold squeezing is apparently 
lower for the optimal nonunity gain teleportation than 
for the unity gain teleportation and the difference in- 
creases with increasing probability 77 up to -3 dB for 
77 = 1. In Fig. [7] we plot the output Wigner function 
in the origin for the state with 77 = 0.6304 versus the 
squeezed variance T^q. The Fig. [7] reveals relatively steep 
decrease of the Wigner function in the origin with in- 
creasing squeezing for squeezed variance up to T4q sa — 14 
dB. For larger squeezing a saturation effect occurs when a 
small decrease of the value of the Wigner function in the 
origin requires a large increase of the squeezing. The fig- 
ure also illustrates that observation of a reasonably large 
negativity of the Wigner function at the output of tele- 
portation will require the highest squeezing levels ever 
achieved. For example, a squeezed variance Vsq = —10 
dB that was recently observed experimentally 32] would 
yield the output Wigner function in the origin for optimal 



satisfies r > r^^ ^ = arctanh ^(1-77)777. By setting nonunity gain teleportation equal to W^^t (0) ^ -0.0135. 

Further improvement can be reached again by using the 
conditional teleportation with optimized gain. For the 
state at the input we get the output Wigner function 
in the origin in the form: 



G = 1 in the formula ([21]) and repeating the above cal- 
culation one finds, on the other hand, that the output 
Wigner function in the origin for unity gain teleporta- 
tion is negative if the squeezing parameter r satisfies r > 



'th — 



In \/2/(277 — 1). In Fig. [H] we plot the dependence 



of the threshold squeezed variances K 



(G) 



th 



-2r 



/2 and 



(22) 
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FIG. 7: Output Wigner function in the origin versus the 
squeezed variance Vsq for optimal nonunity gain teleporta- 
tion (solid curve), unity gain teleportation (dashed curve) 
and optimal conditional teleportation with K = 0.3 (dash- 
dotted curve) for the input state r;|l){l| -I- (1 — T?)iO)(Oi with 
rj = 0.6304. Bottom dotted curve corresponds to the input 



Wigner function in the origin W^^^^ (0) = 
details. 



-0.083. See text for 



where w[^^\o) = {Pn/P^^^)Wn{0) and 



(23) 



where 



in) 



1- [1+7/(1 -A2)2x2]g-(l-A^)if^ (24) 



is the success probability, where Pq is defined in Eq. 
and a is defined below Eq. ([16]). As post-selection interval 
K vanishes, the Wigner function in origin approaches the 
lowest value 



<ko(0) = -Y 

TT i 



1 1 — 77 — TjX^ 



7] + rjX^ ' 



(25) 



which can be achieved by conditional Gaussian tele- 
portation of the attenuated single-photon state, at the 
cost of success rate. The threshold to preserve the 
negativity of the Wigner function is clearly the same 



as for the unconditional teleportation, i.e. 



(cond) _ 
'th ^ 



arctanh ^(1 — Ty)/??. For large squeezing levels 



'th — 

the Wigner function (|25p can be expanded in the param- 
eter A around the point 1 as 



n.K=o 



ill 

TT 



2^ + 4r7(l-7;)(l-A)]. (26) 



Hence it follows that comparing to the ideal single-photon 
Fock state, the value of the Wigner function in the ori- 
gin of the state after the teleportation approaches the 
initial value w!^^\q) = (1 — 277) /tt only in the limit of 
infinitely large squeezing used to prepare the entangled 
state, i.e., for A — 1. How much squeezing is required 



Wou,(0> 




FIG. 8: Asymptotic Wigner function in the origin (|25[l for the 
attenuated single-photon state after the conditional tele- 
portation in dependence on the probability r; and the squeezed 
variance V^n. 



is clearly visible from Fig. [8] This is a substantial differ- 
ence from the idealized single-photon state for which the 
conditional teleportation approaches unit fidelity for an 
arbitrary small squeezing used for the production of the 
shared entangled state. 

To compare negativity of the output Wigner function 
for the attenuated single-photon state for conditional 
and unconditional teleportation we plotted the output 
Wigner function in the origin for K — 0.3 by the 
dash-dotted curve in Fig. [7] and the corresponding suc- 
cess probability by the dashed curve in Fig. [5] The 
gain of the conditional teleportation is optimized numer- 
ically and it differs from the optimal gain of the uncon- 
ditional teleportation on at most third decimal place. 
It is apparent from the figure that conditional telepor- 
tation pronouncedly outperforms the optimal uncondi- 
tional nonunity gain teleportation. For instance, for 
the state with 77 = 0.6304 and squeezed variance 
V^q = -10 dB we obtain W^\q) = -0.0209 and the 



corresponding success probability is Pj 



in) 



0.0233 in 

comparison with W^^liO) = -0.0135 that is obtained for 
unity gain regime. The figure also reveals that for both 
the teleportations the output Wigner function in the ori- 
gin becomes negative for the same value of the threshold 
squeezed variance equal to -8.77 dB which is in full ac- 
cordance with our finding of impossibility to reduce the 
threshold squeezing by resorting to a conditional proto- 
col. It is also worth mentioning that the optimal tele- 
portation is again an amplifier for squeezed variance less 
than -10.84 dB and then changes to a weak attenuator 
for larger squeezing that finally approaches unity gain 
regime in the limit of infinitely large squeezing. In com- 
parison with the case of the pure Fock state |1) depicted 
in Fig. [T] the advantage of the nonunity gain regime for 
the mixed state wipes out. 
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IV. CONDITIONAL TELEPORTATION WITH 
NOISE EXCESS 

As we already said in the introduction quantum tele- 
portation is a basic building block for quantum compu- 
tation and long-distance quantum communication. In 
quantum computation unconditional quantum teleporta- 
tion can be used for implementation of a deterministic 
gate on an arbitrary quantum state. Therefore, deter- 
ministic transmission of a negative Wigner function by 
unconditional teleportation is a necessary prerequisite 
for successful gate operation. Previous analysis indicates 
that even for an ideal input Fock state |1) the state at 
the output of unconditional teleportation will have for 
realistic squeezing levels substantially reduced negative 
value of the Wigner function in the origin. In addition, 
it will be mixed so that successful transmission of the 
negativity of the Wigner function of this state through 
the next gate will require even larger squeezing owing to 
the existence of a strict bound on the minimum squeez- 
ing needed to teleport a negative Wigner function of a 
mixed state. 

On the contrary, for quantum communication pur- 
poses it sufhces to implement just conditional telepor- 
tation which will only reduce the success rate of anyway 
probabilistic communication protocol. Since the condi- 
tional teleportation gives for currently achievable levels 
of squeezing better results than the unconditional one 
and already finds application in quantum communica- 
tion in this section we will restrict ourself to the analy- 
sis of conditional teleportation. In previous sections we 
assumed an ideal case of pure shared entanglement pro- 
duced by mixing of two pure squeezed states. Here we 
will do another step towards a more realistic scenario by 
considering impure squeezed states with noise excess in 
the anti-squeezed quadrature. We will show that condi- 
tional teleportation of the negative Wigner function of 
the Fock state |1) is tolerable to the realistic values of 
the noise excess. 

Let us therefore consider the squeezed states of modes 
A and B to be momentum and position squeezed states 
with squeezed quadratures V^q = {{Apa) ) = ((Axs)^) 
and the anti-squeezed quadratures T4n = {{Ax a) ) = 
{{Aps) ). Let us further denote the input state pin, the 
shared entangled state pab and by IlinA{l3) the projec- 
tor onto the Bell state |/3)inA = J27=o ^in{P)\'^hn\n} a 
[SSj], where D{[3) is the displacement operator defined 
below Eq. (IT^ . The state at the output of the tele- 
portation conditioned on the measurement outcome j3 = 
{xu + ipv)/V^ and displaced according to the measure- 
ment outcome with normalized gain G by Bob then reads 

Pb(/3) = DB{Gf3)TTi^A [pin PABliinA{f3)] D^s{G(3). 

(27) 

The state is not normalized and its norm P(/3) ~ 
Trs [pb{P)] gives the probability density of finding the 
outcome /3. The probability that the measurement 



outcome /3 falls into the set E then reads Pe = 
{1/tt) J^P{I3)(P(] and the corresponding conditionally 
prepared normalized density matrix is then given by 
= Jy, Pb{P)<PP- Making use the formula for the 
Wigner function of the state of the form W^{Q) — 
(l/7r)TrB [ps(— 1)"] [ill we find the output Wigner func- 
tion in the origin can be expressed as the integral 



1 



W^P.(/3)(0)d^/3, 



(28) 



of the Wigner function in the origin Wpg(^)(0) of the 
state ((77|) . 

First, we will analyze the most simple case when — 
|l)in(l|. Then the probability density P(/3) reads 



p{P) ^A{i\DA{npAD\{nwA. 



(29) 



where pA — Trsp/is is the reduced state of mode A. 
The reduced state is a thermal state with mean num- 
ber of thermal photons equal to {n) = {V — l)/2, where 
V = Van + Vsq and the probability density is therefore an 
overlap of the displaced thermal state with the Fock state 
Expressing the overlap in terms of the Wigner func- 
tions and performing the needed integration we arrive at 
the probability density of the form 



P(/3) = 



{l + {n)y 



1 



(n)(l + (n)) 



3r 



(30) 



For the sake of computational simplicity we will assume 
the set E to be a square in the plane [a;„,pi,] of mea- 
surement outcomes centered in the origin with sides of 
length 2a parallel with the coordinate axes. Integration 
of the probability density pop over the square then yields 
the success probability the explicit form of which in 
terms of the error function is given by Eq. (jA.ll) in the 
Appendix. For the measurement outcome (3 the output 
state (l27l) attains the form 



Pb(/3) - DB{GI3)A{l\DA{P*)pABD\{(3*)\l)ADl{Gf3), 

(31) 

where we used the relation in(l|ninA(/3)|l)in = 
d\{(3*)\1)a{1\Da{13*). The Wigner function in the ori- 
gin of the state pil) needed to calculate the Wigner func- 
tion in the origin ([28)) then can be calculated from the 
overlap formula 



+ 00 



Wp^^p){0) = 271 / Wab{U - U,-^B)WA{U)dU, 

J —oo 

(32) 

where ^a = {xa,Pa)'^, = {xu,-PvV, ^b = 

G{xu,Pv)'^ , Wa{^a) is the Wigner function of the Fock 
state |1) given in Eq. ([T]) and 



Wab{0 



47r2l4qKn 



(33) 



where f = {xa,Pa,xb,Pb)^ and 'jab is the covariance 
matrix (CM) of the shared state pab of the form: 



lAB 



VI Ca^ 
Ca^ VI 



(34) 
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where C = T4n — Vsq. Notice that we use the notation in 
which the CM of a vacuum state is equal to 7vac — 1 a-nd 
that the matrix ([34| is a legitimate CM of a quantum 
state. Namely, denoting its submatrices a.s A ~ B ^ VI 
and D = Cuz one can show easily using the Heisenberg 
uncertainty relations t4qVkn > 1/4 that the matrix (p4|) 
satisfies the necessary and sufficient conditions for a ma- 
trix to be a CM of a quantum state given by the inequal- 
iti es A, g > , det^ + detS + 2(letD < 1 + detxii? and 
2VdetAdetB (deti:»)^ < det7^B + det^detS (sj]. 

Performing now the integration in Eq. p2p using 
Eqs. ([55)1 and (IMl) and substituting the obtained formula 
into Eq. p8)) we finally get after integration over /3 the 
sought Wigner function in the origin W^e(O) that is ex- 
plicitly given by formula (jA.2|) in the Appendix. 

A. Conditioning on the outcome (3 = 



function in the origin. The threshold squeezed variance 
can be determined from the condition V — WsqVa,^ = 0. 
We calculated threshold squeezed variance for several val- 
ues of the noise excess in Table H] The calculated values 
indicate that the threshold squeezed variance increases 
very slowly with increasing noise excess and approaches 
the limit value Vth,oo = 1/4 corresponding to -3 dB in 
the limit of infinitely large noise excess. Thus in the 
limit case of post-selection of the measurement outcome 
/3 = the teleportation of a negative Wigner function is 
strongly tolerable to the noise excess. 

TABLE I: Threshold squeezed variance Kh for a given noise 
excess if we post-select the measurement outcome P = Q. 



noise excess [dB] 


1 


2 


3 


4 


5 


Kh [dB] 


-1.62 


-2.06 


-2.32 


-2.49 


-2.62 



Let us first analyze the most simple case when we ac- 
cept only the measurement outcome /3 = 0. Then using 
Eq. (1311) we obtain the normalized output state in the 
form a{1\pab\1)a/P{(^). where P(0) = {n) / (1 + {n)f is 
obtained from Eq. (PH)) . The Wigner function in the ori- 
gin of the state can be derived with the help of the for- 
mula (1321) in the form 



M^/3=o(0) 



{V - 4F,qt4„) 



y + 1 



V 



4v;qi4„ 



(35) 



and it is depicted in Fig. [3] as a function of the squeezed 
variance Vsq and the noise excess defined as the sum of 
the anti-squeezed quadrature in decibels and squeezed 
quadrature in decibels. The figure shows again that for 



noise excess 




B. Finite post-selection interval 

Next we will focus on the case of a finite post-selection 
interval. The success probability and the Wigner func- 
tion in the origin are given by Eqs. (TO]) and ((X2|) in the 
Appendix and they are displayed in Figs. [10] and [TT] for 
a = 0.3 and unity gain regime (G = 1). Inspection of the 
graph in Fig. [TT] reveals that it is just a displaced graph 
in Fig. [9] along the z axis. In other words, conditioning 
on measurements outcomes from a finite post-selection 
interval leads to the uniform reduction of the value of 
the output Wigner function in the origin in comparison 
with the case when we accept only the outcome /3 = 0. 
This naturally entails emergence of a nonzero threshold 
on squeezing that has to be overcome in order to success- 
fully teleport a negative Wigner function. The threshold 
still increases slowly with increasing noise excess as is 
apparent from the Table JlT] 



TABLE IL Threshold squeezed variance Kh for a given noise 
excess for a finite post-selection interval. 



noise excess [dB] 





1 


2 


3 


4 


5 


Kh [dB] 


-1.13 


-1.77 


-2.12 


-2.35 


-2.51 


-2.63 



FIG. 9: Output Wigner function in the origin versus the 
squeezed variance Kq ~ {(Apa)"^) ~ {(Ax_b)^) and the noise 
excess in the anti-squeezed quadratures Kan = {(Asja)'^) = 
{(Aps)^) for conditional teleportation of the Fock state |1) 
where we accept only the result /3 = {xu + ipv)/\f^ = 0. 

zero noise excess the Fock state |1) is perfectly teleported 
for arbitrarily small nonzero squeezed variance V^q as it 
is also apparent from Eq. (|13p . For a nonzero noise ex- 
cess there is a threshold squeezed variance Kh one has 
to overcome in order to have a negative output Wigner 



C. Attenuated single-photon state 

Finally, we will discuss the situation when we have the 
attenuated single-photon state at the input, i.e., pin = Prii 
where p,, is defined in Eq. ()20|) and we condition on the 
measurement outcome /? = 0. 

In this case the probability density reads 

p('')(/3)=r;P(/?) + (l-ry)pW(/3), (36) 
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0.005 
0.000 



noise excess [dB] 5 



FIG. 10: Success probability Pe versus the squeezed variance 
1/sq = ((Apa)^) = {(Aa;s)^) and the noise excess in the anti- 
squeezed quadratures Vkn = ((Axa)^) = {(Aps)^) for con- 
ditional unity gain teleportation of the Fock state |1) where 
we accept only the outcomes of the Bell measurement 
that fall into the square centered in the origin with the side 
2a where a = 0.3. 



noise excess 




the normalized state P^^\g) / P'^'^\Q) we obtain 



<Jo(0) = 



4ysql4: 



+ y(l-2?7) 



TT (y 1 - 277) 



V + 1 



V 



(39) 

Hence, one can calculate the threshold squeezed variance 
from the condition 4T4qKin + V {I — 2ry) = 0. Express- 
ing the anti-squeezed quadrature as Van = (1/2)(A^/V3q), 
where N stands for the noise excess {N — 1/2 for zero 
noise excess), we get the threshold squeezed variance in 
the form: 



14h 



2N - - 2N{2r) - 1)2 

2(27?-l) 



(40) 
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The threshold variance in dependence of the noise excess 
is plotted in Fig. [T^] for several values of the probability ry. 
The threshold squeezing dramatically increases with de- 
creasing probability of the Fock state 1 1) but for realistic 
values of the probability 77 in the interval 0.6 < rj < 0.7 it 
still remains in the region of achievable squeezing lev- 
els. As in the previous cases saturation effect is ob- 
served and the threshold squeezed variance approaches 
^h.oo = (2?7 — l)/4 in the limit of infinitely large noise 
excess. In order to illustrate the tolerance of the telepor- 
tation of a negative Wigner function to noise excess even 
for mixed input states we will consider again the exam- 
ple of the input state with i] — 0.6304 discussed above 
and 4 dB noise excess. Using Eq. pOt we then get the 
threshold squeezed variance Vth equal to -8.82 dB and it 
approaches Vth, 00 equal to -8.85 dB with increasing noise 
excess. 



FIG. 11: Output Wigner function in the origin versus the 
squeezed variance T4q — ((Apx)^) ~ {(Axb)'^) and the noise 
excess in the anti-squeezed quadratures Van = {{Axa)^) = 
((Apb)^) for conditional unity gain teleportation of the Fock 
state 1 1) where we accept only the outcomes of the Bell mea- 
surement [xu,Pv] that fall into the square centered in the ori- 
gin with side 2a where a — 0.3. 



where P{(3) is given in Eq. ((30|) and 

pW(/3) = A{o\DA{npAD\{n\o)A 



1 + M 



(37) 



For 13 = we get, in particular, p(''^(0) = 
2 (V -f- 1 - 2jj) / {V + if. Further, conditioned on the 
measurement outcome (3 — we get the unnormalized 
output state in the form: 

Pb\(^) = Va{1\pab\1)a + (1 - v)a{0\pab\0)a- (38) 




noise excess [dB] 

FIG. 12: Threshold squeezed variance Vh versus the noise 
excess for conditional teleportation of the input state r7|l)(l|-|- 
(1 — '7)|0){0| for 77 = 1 (solid curve), 77 — 0.9 (dashed curve), 
7; = 0.8 (dotted curve), 77 — 0.7 (dash-dotted curve) and 77 = 
0.6 (solid thick curve), where we accept only the result j3 = 
{xu + ipv)/V2 = 0. 



Calculating finally the Wigner function in the origin of 
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V. CONCLUSIONS AND DISCUSSION 

We studied teleportation of a pure single-photon Fock 
state and a mixed attenuated single-photon Fock state 
by the standard continuous- variable teleportation proto- 
col Q. We optimized analytically the gain of the tele- 
portation such in order to minimize the output Wigner 
function in the origin. For the single-photon Fock state 
we found that an arbitrarily weak squeezing used to cre- 
ate the shared entangled state is sufficient for successful 
teleportation of the negative value of its Wigner function 
in the origin. For an attenuated single-photon state we 
have shown that there is a strict bound on the squeez- 
ing that has to be overcome in order to have the output 
Wigner function in the origin negative. In both cases 
the negative value of the output Wigner function in the 
origin can be increased by using a conditional telepor- 
tation with a reasonably high success rate. However, in 
the case of the attenuated single-photon state, the bound 
on squeezing one has to surpass to observe negative out- 
put Wigner function is the same for both unconditional 
and conditional teleportation and its initial value can be 
reached only asymptotically in the limit of a high squeez- 
ing. Finally, we took into account noise excess in the 
anti-squeezing and we have shown that conditional tele- 
portation of a negative Wigner function exhibits strong 
tolerance to the noise excess. 

Now, let us discuss the consequences of our observa- 
tions for the quantum computation and the quantum 
communication. For quantum computation, the quan- 
tum teleportation was considered as a possible scenario 
how to make deterministic operation on an unknown ar- 
bitrary quantum state. A basic requirement is to be able 
to preserve negativity of the Wigner function through 
the operation, in our simplest case through the telepor- 
tation. Therefore, we can take the preservation of the 
negativity as a necessary condition for the quantum gate 
performance. We observed that to preserve the nega- 
tivity of the Winger function, either the input state has 
to be very close to a single-photon state, or for the im- 
perfect single-photon state (the attenuated version), an 
extremely high squeezing is required. If the negativity of 
the Wigner function should be preserved (for example, at 
95% of its original value), the requirement is even more 
demanding. Clearly, it is very important to protect the 
input state against even the loss, since it substantially 
increases the demand on the required squeezing for the 
teleportation. In summary, the cost (squeezing required 
to prepare entangled state in the teleportation) is quite 
high to implement the operation in this measurement- 
induced way. It can stimulate further increasing of the 
squeezing in the experiments, but this resource seems to 
be also practically limited. 

On the other hand, for quantum communication with 
the repeaters, the preservation of negativity of the 
Wigner function through the Gaussian teleportation 
seems to be just a reasonable condition to efficiently 
extend the quantum key distribution between the two 
distant repeaters. Further, it is enough to implement 



the conditional teleportation, since the key distribution 
is anyway probabilistic protocol. The required minimal 
squeezing to keep the negativity of the Wigner function 
is practically not changed by the post-selections. How- 
ever, for almost perfect single-photon state, the threshold 
squeezing is low and the input negativity of the Wigner 
function can be archived for the experimentally feasible 
values of squeezing (up to -10 dB of squeezing) . Advanta- 
geously, for the strongly attenuated single-photon state, 
the post-selection improves the value of the negativity up 
to a maximum for the given squeezing used to produce 
entanglement. However, to reach the original value, the 
post-selection has to be combined with the enhancement 
of the squeezing. In summary, the cost (squeezing re- 
quired to prepare entangled state in the teleportation) is 
lower for the communication application of the teleporta- 
tion of highly non-classical states, if the negativity of the 
Wigner function is already preserved by teleportation. 

Finally, we want to point out one important issue. 
Since the teleportation with finite squeezing always low- 
ers the negativity of the Wigner function, any next tele- 
portation will transfer already an imperfect version of 
the highly non-classical state and the squeezing threshold 
(or squeezing required to almost maintain the negativity) 
will become more demanding for the implementation. It 
means that small imperfections or errors are actually am- 
plified through multiple Gaussian teleportations and any 
correction mechanism (quantum error correction or quan- 
tum repeater) has to be applied very frequently and very 
efficiently to keep the threshold squeezing in the feasible 
range to be able to transmit the negativity of the Wigner 
function. 
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Appendix 

The success probability Ps is given by: 



: erf (b) 



erf (&) 



/^(1 + (n)) 



(A.l) 



dt 



where b = a/y/2{l + (n)) and erf (z) = (2/0F) 
is the error function. 

The conditional output Wigner function in the origin 
VFs(O) reads 
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W^e(O) 



erf (g^) 

47rPEV;qVanag 



where 



2 2(^2 

- + ^-l)erf(aV9) 



2 , — ( 



-qa 



(A.2) 



V{l + G2) - 2CG + G2 



CG- 
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